In this work we study the solvability of the initial boundary value problems, which model a quasi-static nonlinear behavior of ferroelectric materials. Similar to the metal plasticity the energy functional of a ferroelectric material can be additively decomposed into reversible and remanent parts. The remanent part associated with the remanent state of the material is assumed to be a convex non-quadratic function f of internal variables. In this work we introduce the notion of the measure-valued solutions for the ferroelectric models and show their existence in the rate-dependent case assuming the coercivity of the function f . Regularizing the energy functional by a quadratic positive definite term, which can be viewed as hardening, we show the existence of measure-valued solutions for the rate-independent and rate-dependent problems avoiding the coercivity assumption on f .
Introduction and setting of the problem
Due to the ability of ferroelectric materials to transform a mechanical action into an electrical impulse and vice versa they are being used in a broad range of modern engineering devices as actuators and sensors. Recent technological developments enabled the reduction of the production costs for ferroelectric ceramics and thereby increased the interest to use them in the novel implementations. Demand for the reliable mathematical models, which on the one hand are capable to describe a complicated nonlinear electromechanical behavior of ferroelectric devices in order to optimize their design and predict failure processes and on the other hand are simple enough for numerical implementations, caused a rapid progress in this field in the last years. A brief review of recent advances in modeling of ferroelectric material behavior can be found in [7] . In the present work we study the solvability of the nonlinear initial boundary value problems associated with phenomenological constitutive models of ferroelectrics [3, 4, 6, 8, 12, 14] . Similar to models in the metal plasticity the type of ferroelectric models considered here is formulated within a thermodynamic framework by using the standard material relevant description method of an energy function and a flow rule. In contrast to the micro-electromechanical models, which contain a large number of internal variables standing for the distribution and the volume interaction of ferroelectric domains, the main goal of the phenomenological models mentioned above is to improve the speed and the robustness of numerical implementations by keeping the number of internal variables as small as possible. The models presented in [3, 4, 6, 8, 12, 14] and studied in this work use as internal variables only the remanent strain and the remanent polarization.
Setting of the problem. The model equations are formulated as follows. Let Ω ⊂ R
3 be an open bounded set with the C 1 -boundary ∂Ω and S 3 denote the set of symmetric (3 × 3)-matrices. Unknown are the displacement field u(t, x) ∈ R 3 , the Cauchy stress tensor σ(t, x) ∈ S 3 , the remanent strain tensor r(t, x) ∈ S 3 , the electric potential φ(t, x) ∈ R, the vector of electric displacements D(t, x) ∈ R 3 and the vector of remanent polarization P (t, x) ∈ R 3 in a material point x at time t. The symbols ε(u(t, x)) = 1 2 (∇ x u(t, x) + (∇ x u(t, x)) T ) ∈ S 3 and E(φ(t, x)) = −∇ x φ(t, x) ∈ R 3 denote the linearized strain tensor and the electric field vector, respectively (ε and E for short). The fundamental assumption of the models under consideration is that the strain tensor ε and the vector of electric displacements D can be additively decomposed into reversible and irreversible parts, i.e. ε = (ε − r) + r, D = (D − P ) + P.
In this case ε − r and D − P are reversible and r and P are irreversible parts of ε and D, respectively. For (t, x) ∈ Ω T := (0, T ) × Ω the unknown functions satisfy the following system of equations
1c)
D = e (ε − r) + ǫ E + P, (1.1d)
completed by the initial conditions r(0, x) = r 0 (x), P (0, x) = P 0 (x), x ∈ Ω (1.1f) and the homogeneous Dirichlet boundary conditions u(t, x) = 0, φ(t, x) = 0, (t, x) ∈ [0, T ) × ∂Ω.
(1.1g)
The equations (1.1a) and (1.1b) are the equilibrium equation and the Gauss equation in a quasi-static case, respectively. Here, the function b(t, x) ∈ R 3 denotes a given body force and q(t, x) ∈ R is a given density of free charge carriers. The functions g, f : S 3 × R 3 → R in (1.1e) denote constitutive functions, the form of which are usually determined by experiments. Based on the thermodynamical considerations we give in the next two paragraphs the precise conditions, which g and f should satisfy, and discuss the equation (1.1e). The mapping L : S 3 ×R 3 → S 3 ×R 3 in equation (1.1e) is linear symmetric and positive semi-definite and stands for the hardening effects. This mapping is not contained in the engineering models considered here and is introduced because of mathematical reasons, which are discussed in the last two paragraphs of the introduction. An overview of the previous results concerning the existence theory for the ferroelectric models and the structure of the present work can be found in the last paragraph of this section as well.
Due to the additive splitting of the strain tensor ε and the vector of electric displacements D into the reversible and irreversible parts, the constitutive relations (1.1c), (1.1d) can be equivalently rewritten as follows 2) that implies that the reversible parts of ε and D satisfy the constitutive equations of linear piezoelectricity. Here the mappings C :
are material dependent elastic, dielectric and piezoelectric tensors, respectively. In the engineering literature [3, 4, 6, 8, 12, 14] the entries of the constitutive tensors C, ǫ and e often depend on the internal variables r and P . For example, in [8] the tensor e has the following form
3)
where n = P |P | , α ij = δ ij − n i n j , e ij are constants and P s is the remanent polarization saturation constant. However, because of the difficulties arising in the mathematical treatment of the problem (1.1), in the present work we suppose that the tensors C, ǫ and e are independent of the internal variables r and P . Our approach to the derivation of the existence of the solutions for (1.1) relies heavily on the L p -existence theory for elliptic systems with 2 < p < ∞. In order to apply such a theory to our purposes we have to require that the entries of the tensors C, ǫ and e are continuous functions of x ∈ Ω. But since it is expected that the functions r, P belong only to L p (Ω) for some 2 < p < ∞ one can not guarantee that the mappings C, ǫ and e possess this regularity. Therefore, we suppose that the tensors C, ǫ and e are independent of P and r and continuous functions of x ∈ Ω. Additionally, according to the engineering models considered here we assume that the mappings C, ǫ and e are linear and bounded and that C and ǫ are symmetric and positive definite uniformly with respect to x ∈ Ω.
The method presented in this work can be easily generalized to the case of nonhomogeneous Dirichlet, Neumann or mixed boundary conditions. Thermodynamical considerations and choices of the function g. A general form of the energy function corresponding to the models considered here can be derived by using the constitutive relations (1.2) and the Clausius-Duhem inequality. Although the different types of thermodynamic potentials are used in the literature (for example, the Helmholtz free energy function in [8, 7] or the enthalpy function in [12] ) it is typical in modeling of the nonlinear behavior of ferroelectric materials to derive model equations by means of the Helmholtz free energy in the form Ψ = Ψ(ε, D, r, P ). The main requirement is that the function Ψ satisfies the Clausius-Duhem inequality
The arguments in the thermodynamics of irreversible processes yield that the equations
hold. The Clausius-Duhem inequality can be then reduced to the following inequality
Integrating the relations (1.5) and using (1.2) we conclude that the free energy function can be represented in the form
where
reversible part of the energy. The functionf corresponds to the remanent state of the material under consideration and is given byf
The authors of the engineering models [3, 6, 8, 12, 14] make different assumptions concerning the form of the function f . Their choices are usually based on the experimental results. Several examples of the function f are given below. The quadratic term with the linear positive semi-definite operator L is not contained in the models considered here. It can be regarded as a hardening term and the reason of its introduction is discussed in the next two paragraphs. Since the entries of the given tensors C, e and ǫ are assumed to be continuous functions and independent of r and P , using the expression for Ψ we rewrite the Clausius-Duhem inequality (1.6) as follows
The second law of thermodynamics (1.8) restricts the choice of the function g in the equation (1.1e).
The inequality (1.8) holds if g is a proper convex function. Additionally, we suppose that the function g is lower semi-continuous. In most models in [3, 6, 8, 12, 14] the function g is chosen as an indicator function of some bounded, closed and convex set K ⊂ S 3 × R 3 with 0 ∈ K, namely,
This choice of the function g corresponds to a rate-independent process. Rate-dependent effects such as time-dependent relaxation of ferroelectric polycrystals have been observed experimentally as well.
To describe the rate-dependent behavior of a ferroelectric material in [6] the function g is chosen in the form of a polynomial. In the rate-dependent case we require that the function g satisfies the following two-sided estimate with c 1 , c 3 > 0 and c 2 , c 4 ≥ 0 10) which holds for any v ∈ S 3 × R 3 . The condition (1.10) implies that
, where g * is the Legendre-Fenchel conjugate of g (see Appendix A for basics on convex analysis). Throughout the whole work we assume that the number p satisfies 2 ≤ p < ∞ with p * such that 1/p + 1/p * = 1.
Possible choices of the function f . In most models in the engineering literature the remanent part of the energy f :
In [12, 14, 8] it is assumed that the function f = f (r, P ) depends only on P . In particular, in [12, 14] f has the following form
where a ∈ R 3 is a given direction with a = 1 and P s is a saturation constant, and in [8] the function f is of the form
In Theorem 2.5 we suppose that if the function f depends only on P , then it has to satisfy the following coercivity condition
The coercivity condition (1.14) is satisfied by the function f given by (1.13), but not by the function f in (1.12). Thus, the result of Theorem 2.5 can not be applied to the function f defined by (1.12).
In [6] and [3] the function f depends on both internal variables r and P and satisfies the following coercivity condition
The present work is especially focused on the rate-dependent processes with the function g satisfying the polynomial growth condition (1.10) . Under the condition (1.10) we prove the existence of the measure-valued solutions in the sense of Definition 2.2 for the model (1.1) without the regularizing term, i.e. with L = 0 (see Theorem 2.5). However, in this case we have to assume that the function f satisfies one of the coercivity conditions given above, i.e. either (1.14) if f depends only on P or (1.15) if f depends on both variables r and P . If the linear mapping L in (1.1e) is positive definite, then we are able to prove the existence of measure-valued solutions for the problem (1.1) in the rate-dependent case without assuming the coercivity of the function f (see Theorem 2.6) as well.
To prove the existence of measure-valued solutions for the rate-independent case (Theorem 2.6) the linear symmetric and positive definite mapping L : S 3 × R 3 → S 3 × R 3 in the equation (1.1e) is introduced. As we mentioned in the previous paragraphs this mapping is not contained in the engineering models. The additional quadratic hardening term (Lz, z) with z = r P in the energy function Ψ(ε, D, r, P ) regularizes the model (1.1) with g given by (1.9) and the existence of measurevalued solutions in the sense of Definition 2.2 can be obtained. The well-posedness of the problem (1.1) in the rate-independent case without the regularizing term L is an open problem at the moment.
Previous results and structure of the present work. The first existence result for the nonlinear ferroelectric models in the rate-independent case is obtained in [10] via the energetic approach. However, in order to use the compactness argument the authors of [10] regularize the energy function by the additive quadratic gradient term of internal variables L∇z, ∇z with z = (r, P ) and positive definite L, which is not present in the energy function (1.7). For such a modification of the model the authors of [10] prove the existence of strong solutions. Hereby the tensors C, e, ǫ are allowed to depend on the internal variables. For the free energy regularized by the term Lz, z , which can be regarded as the hardening, we mention the following existence results [5, 9] . In these works the tensors C, e, ǫ are independent of the internal variables. The derivations of these results require that the Nemytskii operator F : L 2 (Ω) →R, generated by the function f :
The last requirement is satisfied if and only if the function ∇f is affine. In [5, 9] the existence and uniqueness of the strong solution is shown in the rate-independent case under the assumption
respectively. In the rate-dependent case it is believed that there are no mathematical results concerning the existence of solutions. In the present work we show the existence of measure-valued solutions of the rate-dependent problem (1.1), when L = 0, i.e. the energy function in (1.7) does not contain regularizing terms. In Section 2 we introduce and motivate the notion of measure-valued solutions for the ferroelectric model formed by equations (1.1) as well as formulate the main existence results in Theorems 2.5 and 2.6 for the rate-dependent case with L = 0 and for both rate-dependent and rate-independent cases with the positive definite mapping L, respectively. For the rate-dependent model with L = 0, we assume that f satisfies either the coercivity condition (1.14) or (1.15). The proofs of these existence results are given in the subsequent sections. We note here also that the measure-valued solutions generalize naturally the notion of the strong solution of the problem (1.1) investigated previously in [5, 9, 10] .
In Section 3 we show that for some given functions r and P the system of equations (1.1a)-(1.1d), (1.1g) is an elliptic system of partial differential equations. Since the proof of the main existence results to the problem (1.1) relies heavily on the existence theory for the equations of linear piezoelectricity, we use L p -existence theory for elliptic systems of partial differential equations and present the main properties of the solutions of the linear piezoelectricity model in full details in Section 3.
In Section 4 we reduce the system (1.1) to the evolution problem (4.6), (4.7). In Section 5 we use the Rothe time-discretization method to construct an approximating problem (5.1), (5.2) and show that it has a unique solution. In the following Sections 6, 7 we show the convergence of the approximating sequence and prove the main existence results.
Statement of main results
In this section we introduce the notion of the measure-valued solutions of the problem (1.1) and then state the main results of the work. For completeness, we give the definition of the strong solutions of the problem (1.1).
Definition 2.1 (Strong solution)
. A function (u, φ, r, P ) such that
is called the strong solution of the initial boundary value problem (1.1), if for every t ∈ [0, T ] the function (u(t), φ(t)) is the weak solution of the boundary value problem (1.1a) -(1.1d), (1.1g) with the given r(t) and P (t) and the evolution problem (1.1e), (1.1f) is satisfied pointwise.
Next, we define the notion of the measure-valued solutions for the initial boundary value problem (1.1).
Definition 2.2 (Measure-valued solution). A function
is called the measure-valued solution of the initial boundary value problem (1.1), if for every t ∈ [0, T ] the function (u(t), φ(t)) is the weak solution of the boundary value problem (1.1a) -(1.1d), (1.1g) with the given r(t) and P (t), the initial conditions (1.1f) are satisfied pointwise and the following inequality
with
Remark 2.3. We note that the integrability of the function Φ(s,
is not required in Definition 2.2. We require the existence of the double integral
, then the measure-valued solution (u, φ, r, P, τ ) became the strong solution. The integrability of Φ(s, x) follows then automatically from the inequality (A.1).
Next, we state the main results of this work.
Assume that the function g : S 3 × R 3 →R is convex, l.s.c. and satisfies growth conditions (1.10), (1.11) . Let the function f : S 3 × R 3 →R be convex and such that f ∈ C 1 (dom f ) and satisfies either the coercivity condition (1.14) if f depends on P ∈ R 3 only or (1.15) if f depends on both r ∈ S 3 and P ∈ R 3 . Then there exists a measure-valued solution (u, φ, r, P, τ ) of the problem (1.1). Additionally, if f
If L is positive definite the following result holds.
Assume that L is positive definite and g : S 3 × R 3 →R is convex, l.s.c. function, which satisfies either the growth conditions (1.10), (1.11) or has the form (1.9). Let the function f : S 3 × R 3 →R be convex and satisfy f ∈ C 1 (dom f ). Then there exists a measure-valued solution (u, φ, r, P, τ ) of the problem (1.1). Moreover, the function
is integrable over Ω t for a.e. t ∈ (0, T ).
At the end of this section we present the conditions which guarantee that a measure-valued solution of the problem (1.1) is the strong one. The next remark motivates the introduction of the measure-valued solutions.
Remark 2.7. We note that in order to guarantee that the measure-valued solution is strong one has to show that the inequality (2.1) is satisfied with F (t, x) = ∇ (r,P ) f (r(t, x), P (t, x)). Indeed, if the inequality
holds for a function g satisfying (1.10), (1.11) for a.e. t ∈ (0, T ), then the equivalence (A.3) yields that the measure-valued solution (u, φ, r, P, τ ) is strong. For the case L = 0 considered in Theorem 2.5 we just set L = 0 in (2.2). For the function g given by (1.9) we need the following condition. In Theorem 2.6 we have proved that (1.9) . Then the verification of the following condition
implies that the second term on the left side of the inequality (2.1) is equal to zero, and therefore it ensures that the measure-valued solution (u, φ, r, P, τ ) is strong.
Existence for linear piezoelectric models
In section 4 we reduce the system of equations (1.1) to a single evolution equation for the vectorfunction (r, P ). This equation is just the equation (1.1e) with the functions σ and E expressed through the functions r and P . In this section we establish the relation between the functions (σ, E) and (r, P ) using the equations (1.1a)-(1.1d) with the homogeneous Dirichlet boundary conditions for the functions u and φ. Let us suppose first that C, ǫ and e are measurable bounded functions of x ∈ Ω. For simplicity we drop the time dependence of the given and the unknown function in this section. We use notations from section 1 and rewrite the system of equations (1.1a)-(1.1d) as follows
Next, we introduce the following notations:
Now we use the symmetric properties of the tensor C and rewrite the system of equations (1.1a)-(1.1d), (1.1g) as follows
Since the entries of the mappings C, ǫ and e are bounded measurable functions we can suppose that the same holds for the entries A hk ij (x), x ∈ Ω of the mapping A :
And since C and ǫ are symmetric and positive definite uniformly with respect to x ∈ Ω and the terms containing e cancel each other in the expression A hk ij (x)η k j η h i with η ∈ S 3 × R 3 we obtain that there exists a constant c 0 > 0 such that the following ellipticity condition
holds for every η ∈ S 3 × R 3 uniformly with respect to x ∈ Ω. Next, we show that the system (3.3) -(3.4) has a unique weak solution
For this purpose we use the existence results for elliptic systems of partial differential equations. We make different assumptions on the entries of A for p = 2 and p = 2. If p = 2, we can apply the Lax-Milgram result for the bilinear form
)dx to the problem (3.3) -(3.4). In this case it is enough to suppose that (3.5) is satisfied a.e. x ∈ Ω and that the entries of A are measurable bounded functions.
We prove now that for every given z ∈ L 2 (Ω,
, which means that U satisfies
) is a bilinear form. Taking U = V and using the ellipticity condition (3.5) together with the inequalities of Korn and Poincare we obtain that A(U,
. Let the entries of the mappings C :
be bounded measurable functions. We suppose that for a.e. x ∈ Ω the mappings C and ǫ are linear, symmetric, they are positive definite uniformly with respect to a.e. x ∈ Ω, whereas e : S 3 → R 3 is just a linear mapping for a.e. x ∈ Ω.
Then there exists a unique function (u, φ) ∈ W 1,2 0 (Ω, R 3 × R), which satisfies the equations (1.1a)-(1.1d) with the homogeneous Dirichlet boundary conditions for arbitrary fixed t ∈ [0, T ) such that the estimate
holds for some constant c > 0, which is independent of r, P, b and q.
For the case p = 2 we can only prove the existence of the weak solution under the assumption that the functions A hk ij (x) are continuous for all x ∈ Ω. Let 2 < p < ∞. We denote
h in the sense of distributions and the estimate F p ≤ c f −1,p holds. We suppose that C, ǫ and e satisfy the assumptions of Theorem 3.2. Then since the assumptions of Theorem 3.1 are also satisfied, there exists a unique weak solution U ∈ W 1,2 0 (Ω, R 3 × R) of the problem (3.3), (3.4) . It is easy to prove that if C, ǫ and e satisfy assumptions of Theorem 3.2, then the functions A hk ij (x) are continuous for all x ∈ Ω and satisfy the Legendre-Hadamard condition
for some c 0 > 0 and for every x ∈ Ω, ξ ∈ R 4 and η ∈ R 3 uniformly with respect to x. It is shown in [2, p. 373 ] that the function U belongs then to W 1,p 0 (Ω, R 3 × R) and the estimate
holds with some c > 0 independent of
To prove that the conclusion of Theorem 3.1 holds for 1 < p < 2 as well we use the following duality arguments. Let 2 < p < ∞ and p * :
In the same way as above we prove that for any function holds for all x ∈ W −1,p (Ω) and y ∈ W −1,p * (Ω). This proves that for every g ∈ W −1,p * (Ω) the function 
the weak sense and it is unique. From the relation T * g = V we obtain the estimate V 1,p * ,Ω ≤ c g −1,p * ,Ω . And since for every h ∈ L p * the estimate div h −1,p * ≤ h p * is satisfied we obtain that the following existence result holds for all 1 < p < ∞:
Let the entries of the mappings C : S 3 → S 3 , ǫ : R 3 → R 3 , e : S 3 → R 3 be continuous functions of x ∈ Ω. We suppose that for every x ∈ Ω the mappings C and ǫ are linear, symmetric, they are positive definite uniformly with respect to x ∈ Ω, and the mapping e : S 3 → R 3 is linear. Then there exists a unique weak solution (u, φ) ∈ W 1,p (Ω, R 3 × R) of the problem (1.1a)-(1.1d) with the homogeneous Dirichlet boundary conditions for arbitrary fixed t ∈ [0, ∞) and the estimate
holds with a constant c > 0, which is independent of r, P, b and q.
Reduction to the evolution equation
In this section we show that the function (σ, E) can be expressed conveniently through the function z = (r, P ) in such a way that after substituting (σ, E) into the equations (1.1e) and (1.1f) the problem (1.1) is reduced to an evolution problem for the function z.
Let us suppose that the function (r, P ) is known and belongs to
We consider the equations (1.1a)-(1.1d), (1.1g) and suppose that the entries of the mappings C :
Since the assumptions of Theorem 3.2 are satisfied we get that for every given
is a solution of the problem (1.1a)-(1.1d) with (b, q) = 0 and (r, P ) = 0, and U B = (u B , φ B ) satisfies (1.1a)-(1.1d) with (b, q) = 0 and (r, P ) = 0.
It follows from Theorem 3.2 that for all 1 < p < ∞ the following estimate holds for the functions u 0 and φ 0 u 0 1,p + φ 0 1,p ≤ c( r p + P p ).
(4.1)
Next, we define a linear operator Q :
which is bounded due to (4.1). It turns out that Q is a projection operator. To this end, we consider the functionsε 0 = ε 0 − r andD 0 = D 0 − P and rewrite the equations (1.1c), (1.1d) as follows
where D :
.
(4.4)
It was shown in [5] that D is symmetric and positive definite.
Lemma 4.1. Let the vector (r, P ) T ∈ L p (Ω, S 3 × R 3 ) be given. We define the linear mapping Q = Q p :
T satisfies the problem (1.1a)-(1.1d) with (b, q) = 0. Then Q p is the projection operator, which is adjoint to the operator Q p * with respect to the bilinear form [z 1 , z 2 ] D ≡ Dz 1 , z 2 p,p * .
Proof:
The operator Q p maps the elements of the space
. Since (4.3) contains only the differences ε(u 0 ) − r, D 0 − P we obtain from the uniqueness of the solution of the problem (1.1a)-(1.1d) with homogeneous Dirichlet boundary conditions that for every w ∈ L p (Ω, S 3 × R 3 ) the operator Q p is the projection operator, namely, Q 2 p w = Q p w. Now we show that Q p * is the adjoint operator to the operator Q p with respect to the bilinear form [·, ·] D , i.e. we show that for every z = (r, P )
holds. Let us denote the images of Q p * z * and Q p z as
and in the same way (σ *
In the same way one can show that [(Q p − I)z, Q p * z * ] D = 0 holds. Then we have proved that Q p is the projection operator, which is adjoint to the operator Q p * with respect to the bilinear form
T into the equation (1.1e) with the initial conditions (1.1f) yields that equations (1.1e) -(1.1f) can be rewritten in the following abstract form
→ R are functionals defined by (A.7).
Existence and uniqueness for a time-discretized problem
We show the existence of measure-valued solutions using the Rothe method (a time-discretization method). In order to introduce a time-discretized problem, let us fix any m ∈ N and set h := T 2 m . From the assumptions for the functions b and q we can conclude thatẑ ∈ L p (Ω, S 3 × R 3 ). We set
Then we are looking for functions z
To show that the discretized problem has a solution we need M m to be positive definite. This holds due to the term where
→R is proper, convex and lower semi-continuous. Indeed, since M m is bounded and positive definite operator, then it is maximal monotone by Theorem II.1.3 in [1] . Since the operator M m is also self-adjoint, one has that M m = ∂Φ by Proposition II.2.7 in [1] . All other properties of Φ follow from its definition. The last thing which we have to verify is whether the following relation ∂Ψ = ∂I g * + ∂Φ + ∂I f holds. By the definition of Φ, we conclude that the domain of Φ is equal to the whole space L 2 (Ω, S 3 × R 3 ). By condition (1.11) the domain of the functional I g * is also the whole space L 2 (Ω, S 3 × R 3 ) in the rate-dependent case. In the rate-independent case the domain of I g * also coincides with L 2 (Ω, S 3 × R 3 ). Therefore, condition (A.6) is fulfilled and, since all functionals are proper, convex and lower semi-continuous, Proposition A.3 gives the desired result. With the relation (A.2) in hands the last observation implies that
, which obviously yields the coercivity of Ψ, the operator A = ∂Ψ is surjective by Theorem A.2. Thus, we conclude that for every fixed m ∈ N and n = 1, ...,
The solution z n m is also unique. Indeed, suppose there are two functions z 1 and z 2 , which satisfy the equation (5.4) for a givenẑ n m . We substitute the functions z 1 and z 2 into (5.4) and consider the difference of both equations. Then using the monotonicity of ∂I g * and ∂I f we obtain that 
For the further analysis we recall the following property ofξ m and ξ m :
whereξ m is formally extended to t ≤ 0 by ξ 0 m and 1 ≤ s ≤ ∞ (see [13] ).
6 A-priori estimates.
Rate-dependent case. We suppose that g satisfies the conditions (1.10) and (1.11). Let us fix m ∈ N and n = 1, ..., 2 m . Since the problem (5.1), (5.2) has a unique solution, we obtain with the Young-Fenchel property (see Appendix A)
which together with the relation (5.3) implies
We note that z
m ) holds for any convex functional φ. Therefore, multiplying (6.1) by h and summing the obtained relation for n = 1, ..., l for any fixed l ∈ {1, ..., 2 m } we derive the following inequality
Applying the conditions (1.10) and (1.11) to the terms, which contain I g and I g * and the Young inequality with ε < d 1 to the last term in (6.2) we obtain
Now, taking Remark 8.15 in [13] into account and using the definition of Rothe's approximation functions we rewrite (6.3) as follows
Sincez m →ẑ in L p (Ω T ), the last term in (6.4) is bounded by a constant. The estimate (6.4) implies that
We can improve the estimates (6.6)-(6.8) and show that Σ m m is uniformly bounded in the space
). Indeed, multiplying (5.1) by the term
and integrating over Ω we obtain
Then we use that ∂I f is a monotone operator and estimate the left side of (6.10) from above
Since the elements of {Σ m } m∈N belong to the space L p (Ω T ), we can use the definition (A.7) to define the convex functionalsÎ g : , x) )dsdx, respectively. Then the functionals satisfyÎ g * = (Î g ) * . Since z mt converges weakly to z t in L p * (Ω T ) we obtain lim inf m→∞Î g * (z mt ) ≥Î g * (z t ). 
with homogeneous boundary conditions for the functions (u m , φ m ). Now, let us define the operator
Due to the uniqueness of the solution of the problem (7.5) -(7.6), instead of the operator M we can consider the operator M p * in (7.6). We note that the operator M p * is the extension of the operator M on L 2 (Ω). Thus, because of the linearity of the operator M p * , the sequence { σm Em } m converges weakly in the space
, which is the solution of the problem (7.5), (7.6) corresponding to the function z. Since
) associated with the sequence {z m } m such that F (t, x) = S 3 ×R 3 ∂f (ξ)τ t,x (dξ) for a.e. (t, x) ∈ Ω T . Thus, we get thatΣ m converges weakly to
and that the inequality holds , t) )dx. Next, for a.e. x ∈ Ω we have that
. Let us fix x ∈ Ω. From (6.9) we conclude that the set
is a compact subset of dom f , we obtain that f (z(·)) : [0, T ] → R is an absolute continuous function and therefore f (z(t)) is almost everywhere strongly differentiable with f (z(t)) − f (z 0 ) = t 0
(∂f (z(τ ), z t (τ ))dτ for a.e. t ∈ (0, T ). It follows from (6.9) that
The existence of the integral 
We introduce the functions w m = σm Em . Then in terms of w m the last term can be rewritten as follows
) and since D −1 is a positive definite symmetric operator, we obtain
2 is a proper, convex and l.s.c. functional on L 2 (Ω), using Lemma A.4 we obtain
Let (u, φ, σ, D) be a solution of the problem (7.5), (7.6) with homogeneous boundary conditions corresponding to z. And let us assume first that f satisfies the coercivity condition (1.15). Then we have
. Combining (7.9), (7.10) we obtain
and we obtain that the first term on the right side of (7.11)
Altogether we obtain
Suppose now that f (r, P ) = f (P ) and satisfies the coercivity condition (1.14). The coercivity con
we integrate by parts the term E, D t − P t Ωt with respect to t to obtain
Therefore we obtain for every t ∈ [0, T ] that E, D Ω = 0. And since E t = E(∇φ t ) ∈ L 2 (Ω), we obtain for a.e. t ∈ [0, T ] that also E t , D Ω = 0. Thus we obtain that
(7.14)
Now we show that the function x → t 0 (E, P t ) ∈ L 1 (Ω). Indeed, we have that for every fixed x ∈ Ω the function (E, P ) is absolutely continuous and
It follows from the estimate (7.14) that Ω t 0 (E, P t )dsdx exists. Therefore we get that the equality
dsdx is satisfied and with m → ∞ the estimate (7.1) takes the formÎ
Remark 7.1. In the proof of Theorem 2.5 and Theorem 2.6 the function (r, P ) is obtained as the limit of the weakly convergent sequence (r n , P n ) and the measure τ is the Young measure associated with this sequence (r n , P n ) (see Appendix B for the main properties of Young measures, if needed). As we have mentioned in Remark 2.4, the measure-valued solution (u, φ, r, P ) is strong if F = ∇ (r,P ) f (r, P ) in (2.1). This holds if the mapping ∇ (r,P ) f is affine. However, this case has no practical applications and therefore beyond our interests.
A Convex analysis
In this section we briefly recall some basic facts about convex functions, their subdifferentials and the surjectivity results for them. Let V be a reflexive Banach space with the norm · , V * be its dual space with the norm · * . The brackets ·, · denote the duality pairing between V and V * . By V we shall always mean a reflexive Banach space throughout this section.
For a function φ : V →R the sets The next surjectivity result on subdifferentials of convex functions is one of the key tools in the proof of our main existence result. Convex integrands. For a proper convex lower semi-continuous function φ :
where Ω is a bounded domain in R N with some N ∈ N. Due to Proposition II.8.1 in [15] the functional I φ is proper, convex, lower semi-continuous, and v
(Ω, R k ) and v * (x) ∈ ∂φ(v(x)), a.e.
Due to the result of Rockafellar in [11, Theorem 2] the Legendre-Fenchel conjugate of I φ is equal to I φ * , i.e. I φ * = I φ * , where φ * is the Legendre-Fenchel conjugate of φ.
B Young measures
Let E ⊂ R m be a Lebesgue measurable set with µ(E) < ∞. We denote
Let M(R d ) of signed Radon measures with bounded total variation. There is a one-to-one correspondence between the dual space of C 0 (R Theorem B.2. Let {u n } n : E → R d be a norm bounded sequence in L 1 (E; R d ). Then there exists a subsequence {u n k } k of the sequence {u n } n and a Young measure τ ∈ L ∞ w (E, M(R d )) such that the sequence {τ n k } k konverges to τ in L ∞ w (E, M(R d )).
Theorem B.3. Let {u n } n : E → R d be a sequence of measurable functions and {τ n } n be a sequence of Young measures associated to functions {u n } n such that τ n → τ . Let Φ : R d → R be continuous and suppose that {Φ(u n )} n is uniformly integrable. Then 
